In this paper a problem of fluid structure interaction is considered. A benchmark problem is presented and mathematically described. The numerical approximation by the finite element method is presented. The influence of different numerical methods on the quality of the solution of benchmark problem is considered.
Introduction
The numerical approximation of fluid-structure interaction problems is nowadays used in many technical applications. Eventhough such a method can provide great details about the problem, the classical methods are still widely used for the solution of aeroelastic or hydroelastic problems, see, e.g. the monographs [4] , [8] . This is particularly due to the fact that the mathematical simulation of FSI problems is complicated and requires to simultaneuosly solve viscous (usually turbulent) flow, a priori unknown changes of the flow domain in time, motion of the elastic structure. Each of those problems is separately difficult to numerically approximate and solve.
Particularly, the numerical approximation of 3D incompressible flow problem is difficult due to several reasons like nonlinearity, dominating convection and incompressibility. The incompressibility is usually treated by using the pressure projection methods originated by Patankar [11] or Chorins artificial compressibility method [2] . Application of these decoupled strategies is typical as the use of an efficient fast approximation and solution method is required. However, in order to receive precise numerical results higher order methods should be considered and/or the coupled nonlinear pressure-velocity problem solved. This is difficult particularly in the case of high Reynolds numbers, where anisotropically refined meshes need to be used in order to capture correctly the boundary layers, wakes, etc. Such a refinement can badly influence the convergence of the iterative solvers. This paper focuses on an verification of the numerical method suitable for the approximation of an interaction of the incompressible viscous flow with a vibrating airfoil. For the sake of simplicity, the numerical analysis of 2D interaction of the incompressible flow with an airfoil is considered. In the previuosly published results, see [14] , [12] , it was shown that the numerical method can address properly the nonlinear behaviour nearby the aeroelastic instability of flutter and divergence type. Here, a simplified model problem of the mutual interaction of the airflow with a solid described with the aid of two degrees of freedom (2DOF) is considered. The numerical method based on a fully stabilized finite element method is described using the combination of the streamlineupwind/Petrov-Galerkin(SUPG), the pressure-stabilizing/Petrov-Galerkin (PSPG) methods, and the grad-div stabilization. The numerical results are shown.
Mathematical model
The incompressible viscous flow in a polygonal computational domain Ω ⊂ R 2 is governed by the Navier-Stokes equations written in the ALE form (see [14] , [9] )
where u = u(x, t) denotes the velocity vector, u = (u 1 , u 2 ), p = p(x, t) denotes the kinematic pressure, ν is the constant kinematic viscosity (i.e. the viscosity divided by the constant fluid density ρ), w g (x, t) is the domain (ALE) velocity, by D A /Dt the ALE derivative is denoted, t denotes time, S = 1 2 (∇u + ∇ T u) is the rate of the strain tensor whose components are given by
System of equations (1) is equipped with the initial condition
and with boundary conditions
where n denotes the unit outward normal vector to the Lipschitz continuous boundary ∂Ω. The boundary condition (3c) is a modification of the so-called 'do-nothing' boundary condition, cf. [1] .
Structure motion. The airfoil motion is described with the aid of two degrees of freedom, namely the vertical displacement h (downwards positive) and the angle of rotation α (clockwise positive). The linear equations of motion read
where m is the mass of the airfoil, S α is the static moment around the elastic axis (EA), and I α is the inertia moment around EA. The parameters k h and k α denote the stiffness coefficients. On the right-hand side the aerodynamical lift force L(t) and aerodynamical torsional moment M (t) are involved, which satisfy
where
ε 3ij is the Levi-Civita symbol, r i = x i − x EA i and x EA is the position of the EA at the time instant t.
Finite element discretization
In order to discretize the problem in time, we consider an equidistant partition 0 = t 0 < t 1 < · · · < T, t k = k∆t of the time interval [0, T ] with the time step ∆t > 0. Further we approximate u(t n ), p(t n ), α(t n ), h(t n ),α(t n ),ḣ(t n ) and w g (t n ) by u n , p n , α n , h n ,α n ,ḣ n and w n g , respectively. The ALE derivative in (1) is then approximated by the second order backward difference formula
whereũ i (x) are the transformed approximations of velocity u i defined in the domain Ω ti on the domain Ω tn+1 .
The system of equations (4) is transformed to the first order system and discretized in time using the BDF2, i.e., the following approximations are useḋ
The aerodynamical lift force and the aerodynamical moment in equations (4) are extrapolated from the previous time levels, i.e., the approximations L n , M n , L n−1 , M n−1 are assumed to be computed using (5) and the values of u n , p n , u n−1 , p n−1 . The extrapolations of the aerodynamical lift force and the aerodynamical moment are used, i.e.
The system of equations (1) is discretized in time with the aid of (7). The equations are formulated weakly and the solution is sought on the couple of finite element spaces
) for the approximation of the velocity components and pressure. The domain Ω is assumed to be a polyhedral domain and the finite element spaces are defined using an admissible triangulation T h of the domain Ω, cf. [3] , such that Ω = K∈T h K, where T h is formed by a finite number of closed triangular elements. The finite element spaces are then defined by
and
The discrete formulation contains the Galerkin terms defined for any
where w n = u − w n+1 g and by (·, ·) Ω the scalar product in L 2 (Ω) or L 2 (Ω) is denoted. The stabilization terms containing the SUPG/PSPG and div-div stabilizations are defined by
where (·, ·) K denotes the scalar product in
The choice of the parameters δ K = h 2 K and τ K = 1 is carried out according to [5] or [13] , where h K denotes the local element length. Then the stabilized discrete problem at a time instant t = t n+1 reads: Find U = (u, p) ∈ W h × Q h , p := p n+1 , u := u n+1 , such that u satisfies approximately the conditions (3 a-b) and
holds for all V = (ϕ, q) ∈ X h × Q h . The solution of the arising system of non-linear equations is realized by the Oseen linearization. The linearized problem is solved by the preconditioned iterative method based on inexact LU -factorization.
Numerical results
The described method was applied to an approximation of channel flow over NACA 0012 airfoil. The airfoil chord was equal to c = 300 mm, the air viscosity was considered to be equal to ν = 1.5 × 10 −5 m 2 /s and the inlet velocity was set equal to U ∞ = 1 m / s. The Reynolds number based on the airfoil chord is then equal to Re = 2 × 10 4 . The solution was performed for different angles of attack and the aerodynamical forces were computed. The influence of the numerical method, mesh size and time step was tested. The initial condition was chosen as uniform inlet flow velocity eventhough it does not satisfy the non-slip boundary condition on the surface of the airfoil. Figure  1 shows the three levels of meshes (level 1, 2 and 3) the coarsest with 5850 vertices and 11520 triangles, the middle with 7846 vertices and 15480 triangles. The finest grid has 14150 vertices and 28048 triangles. These meshes are refined at the boundary layer and in the wake. The results were also computed on an other mesh (level 0, not shown here) with 4043 vertices and 7899 triangles, where not so good refinement in the boundary layer was performed. The numerical method was tested on a flow around the fixed airfoil for different angles of attack. Figure 2 shows the flow pattern computed on mesh levels 1 and 3 for the angle of attack 0 degrees. It can be seen that on both meshes the boundary layer, wake and the von Karman vortex street is well resolved. Similarly, Figure 3 shows the flow pattern computed on mesh levels 1 and 3 for the angle of attack 2 degrees. Again the well resolved boundary layer, wake and leaving vortices can be observed. Figure 4 shows the dependence of the drag coefficient on time during the computational process on mesh levels 0-3 and the angle of attack 0 degrees. The differences between the results are only small. For the lift coefficient shown in Figure 5 
Conclusion
This paper focused on the problem of numerical approximation of the incompressible flow with a elastically supported airfoil. A model problem of flow around a vibrating airfoil with two degrees of freedom was considered and mathematically described. The verification of the numerical method was done on a simple case of flow around the airfoil NACA 0012. The influence of time and grid refinement was tested. As expected the computations show , that the numerical results can be strongly influenced by the used mesh. For the coarsest mesh, which do not correctly resolve the boundary layer and the wake, the computed drag and lift force can dramatically differ from the correct results. On the other hand, the numerical results computed even on relatively coarse mesh can be correct provided that the mesh is properly refined around the airfoil and in the wake. 
